Abstract. We prove that the greatest positive integer that is not expressible as a linear combination with integer coefficients of elements of the set {n 2 , (n+1) 2 , . . .} is asymptotically O(n 2 ), verifying thus a conjecture of Dutch and Rickett. Furthermore we ask a question on the representation of integers as sum of four large squares.
Introduction
Additive number theory is the branch of arithmetic that studies particular subsets of integers (such as arithmetic progressions, prime numbers or squares) and their behavior under addition. A typical class of problems in this area concerns determining which positive integers can be expressed as sums of elements of a fixed subset of integers. In this aspect, one of the earliest results of additive number theory is Lagrange's Four Square Theorem, stating that every non-negative integer can be expressed as sum of four squares. Another classical problem is the Diophantine Frobenius Problem (cf. [4] ), that asks for the greatest integer that is not representable as a linear combination with integer coefficients of elements of a subset of integers. In connection to both topics, it is interesting to understand which numbers are representable as sum of large squares. In this work, we investigate the largest number that cannot be represented as a sum of squares of integers greater than a fixed n. In particular, we answer affirmatively a conjecture of Dutch and Rickett (cf. [1] ), stating that the greatest integer that is not expressible as a sum of squares of integers greater than or equal to n grows like n 2 , namely we prove the following result: Theorem 1. Let Γ n be the set of integers that can be expressed as a finite sum of squares of integers greater than or equal to n, and denote by F (Γ n ) the greatest integer not belonging to
Finally we ask a question related to the representation of an integer as a sum of four large squares.
Main result
Denote by N the set of non-negative integers. Since n 2 and (n + 1) 2 are relatively prime for any n ∈ N, n = 0, then Sylvester's formula (cf. [5] ) states that every integer greater than (n 2 − 1)[(n 2 + 1) − 1] can be written as a non-negative linear combination of n 2 and (n + 1) 2 , thus the set N \ Γ n is finite. It was proved that F (Γ n ) = o(n 2+ǫ ) for any ǫ > 0 (cf. [1] ). We will try to estimate F (Γ n ) by focusing on representations that involve the least possible number of squares. The well-known Four Square Theorem, due to Lagrange, states that every positive integer can be written as a sum of four squares. Furthermore, if we denote by
= n and by σ ′ (n) the sum of divisors of n that are not divisible by 4, in 1834 Jacobi proved that r 4 (n) is equal to 8σ ′ (n). Let σ(n) stand for the sum of divisors of n. Notice that if n ∈ N is such that n ≡ 0 (mod 4) then σ ′ (n) = σ(n) > n, hence for n → +∞, n ≡ 0 (mod 4) we get that r 4 (n) → +∞. Therefore it makes sense to ask for representations as sum of four relatively large squares. However, there exists an infinite set of positive integers (see [2] , Section 6) that cannot be expressed as sum of four non-zero squares. Taking that into account, we pose the following question: Note that if such K exists then, for every n ∈ N, every positive integer M ≥ K 2 n 2 is a sum of four squares contained in the set {0,
. It is easy to see that such a K cannot be less than 8 (by taking N = 55), and computational evidence suggests that K = 8 affirmatively answers Question 2. We are going to give a partial answer to this question by proving that such a K must exist, in order to prove our main theorem. Consider now the 4-dimensional sphere of radius √ m
= m}. The representations of m as sum of four integer squares correspond to the integral points of S m . Question 2 is thus related to the distribution of these integral points over the sphere S m . This problem has been widely studied in literature in the more general context of quadratic forms: it has been proved (cf. [3] , Theorem 11.5) that for an arbitrary quadratic form Q if r ≥ 4 then the vectors m ∈ Z r with Q(m) = n are asymptotically equidistributed as n → ∞ over integers satisfying the congruence Q(m) ≡ n (mod M) for a certain m ∈ N depending on Q. By "asymptotically equidistributed" we mean that if F is a convex domain with smooth boundaries on S n and r F (n) stands for the number of integral points of S n belonging to F , then r F (n) ∼ |F |r 4 (n), where |F | denotes the normalized surface area of F on the sphere S n (hence |S n | = 1). Notice that by Lagrange's Four Square Theorem, if we consider the quadratic form Q(x) = x Proof. Notice first that for n squarefree we have n ≡ 0 (mod 4), hence r 4 (n) = 8σ(n) ≥ 8(n + 1). Considering in S n the domain
We have to prove that r Fn (n) ≥ 1. Observe that the normalized surface area |F n | is the same for all n, thus |F n | = ǫ > 0 for all n. Thus r Fn (n) ∼ ǫr 4 (n), and therefore by taking n squarefree sufficiently large this implies our thesis.
Observe that in the previous proof we can replace in the definition of F the value 1 8 with any λ < 1 2 without altering the result, since all we need is that |F | > 0. This has no effect on the next results, although it might lead to a better estimation for the asymptotic growth of F (Γ n ). A consequence of Lemma 4 is: 
. Therefore there is at most a finite set {Q 1 , . . . , Q t } of squarefree positive integers for which that property should not hold. However, by Lagrange's Four Square Theorem there should be an integral point (Q i1 , Q i2 , Q i3 , Q i4 ) on the sphere S Q i for every i = 1, . . . , t. Define now for every i = 1, . . . , t the constant
Let now C = max{C 1 , . . . , C t , 8} + 1. Then for every squarefree positive integer n we have that there is an integral point (m 1 , m 2 , m 3 , m 4 ) ∈ S n such that whenever m i = 0 we have
, thus concluding our proof.
Now we are ready to prove the main theorem.
Proof of Theorem 1. Let n ∈ N, let C be as in Lemma 5 and take M ≥ C 2 n 2 . Suppose that M = ρ 2 q where ρ, q ∈ Z + and q is squarefree. By Lemma 5 there is an integral point (q 1 , q 2 , q 3 , q 4 ) on the sphere S q such that if q i = 0 we must have q i ≥ ≥ n whenever ρq i = 0. Thus M ∈ Γ n . This implies F (Γ n ) < C 2 n 2 , hence F (Γ n ) = O(n 2 ).
